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Spontaneous pulsation phenomena in xenon lasers are now well known, and related effects have been observed with
other laser types. Most theoretical analyses of such pulsations are formulated for unidirectional ring lasers,
whereas most experiments involve standing-wave resonator geometries. Described here are rigorous semiclassical
models governing the spontaneous pulsation instability in standing-wave laser oscillators. The standing-wave
results are more complex and closer to experimental observations than the ring results for operation in the Lamb-dip region near line center.
1. INTRODUCTION
The existence of instabilities in laser oscillators is now a
well-known phenomenon. Even before the first laser was
built, spontaneous pulsations had been studied theoretical-
ly' and had actually been observed in ruby masers.2,3 Simi-
lar effects have since been investigated with many other
laser types. The earlier experimental and theoretical work
on this subject has been reviewed in several places, 4-10 and
hence a general review is not necessary here. Instead we
focus on a particular system, the xenon laser, which has also
served as a model for many studies of laser instabilities. It
was discovered in 1969 that under a wide range of conditions
the xenon laser's output takes the form of an infinite train of
pulsations.4 Sometimes the pulsations are periodic, but un-
der other conditions period doubling and chaotic behavior
are observed. The first experimental results with xenon
lasers were confirmed and extended in the studies by Abra-
ham and his co-workers."1-' 9
The earliest efforts to explain the xenon pulsation data
were largely unsuccessful. It was found that rate-equation
models for inhomogeneously broadened media could ac-
count qualitatively for the observed pulsation frequencies,
but these models predicted that any initial transients would
rapidly decay. The experimental data, by contrast, show no
evidence of damping. Furthermore, the pulsations are
sometimes highly periodic, so they cannot easily be inter-
preted as resulting from noise-driven fluctuations in an in-
trinsically stable system. Instead, the simple rate-equation
model must be discarded in favor of some more rigorous
formalism. In 1978 it was reported that a semiclassical
model of a xenon laser did possess instabilities, and the
computed pulsation waveforms had several qualitative simi-
liarities to the experimental data.20 Those first theoretical
calculations were based on a standing-wave laser model. It
was soon found, however, that similar instabilities occur in
unidirectional ring lasers. Because the ring-laser models
are much simpler to investigate, most theoretical studies
since that time have been directed toward the improved
understanding of instabilities in ring lasers. The previously
mentioned review articles 4'- 0 are guides to those studies.
Also, Abraham and his colleagues have reported extensive
experimental studies of instability phenomena in xenon ring
lasers. 6 -19 The most general ring-laser models include de-
tailed numerical data for a xenon-laser discharge and seem
to be able to provide good agreement with experimental
data. 51 9
The successes of the ring-laser models do not, however,
obviate further study of standing-wave laser systems. Most
practical lasers are standing-wave devices, and many aspects
of standing-wave-laser behavior cannot be represented ade-
quately by using a ring-laser model. For example, the Lamb
dip in the output power for tuning close to line center is one
of the most fundamental features of gas-laser performance,
and unidirectional ring models cannot exhibit this effect.
Hence it could hardly be expected that a ring-laser model
would provide an adequate description of any instability
phenomena that might be observed when a laser is tuned
close to line center. Therefore there would be considerable
practical value in a standing-wave laser model that would be
general enough to include the most important parameters of
practical spontaneously pulsing laser oscillators.
The purpose of this study is to develop a rigorous Max-
well-Schr6dinger semiclassical model for a standing-wave
laser. This model is more general than our previous stand-
ing-wave semiclassical model2 0 in that a more realistic ener-
gy-level structure is assumed. Spectral cross relaxation due
to velocity-changing collisions is also included. This inclu-
sion of cross relaxation is essential if one wishes to obtain
any accuracy in the description of the Lamb dip and the
instability phenomena with which it might be associated.
In fact, the model described provides good agreement with
both time- and frequency-domain xenon-laser pulsation
data.
The basic theoretical formalism underlying this study is
developed in Section 2. The model is identical to our most
general ring-laser models5 except for the choice of standing-
wave forms rather than traveling-wave forms for the electric
field and polarization. This slight change, however, leads to
a substantial increase in complexity as the atomic popula-
tions now develop a rapid z dependence due to longitudinal
spatial hole burning. A more convenient normalized form of
the model is described in Section 3, and a variety of numeri-
cal solutions for the pulsation intensities are presented in
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Section 4. The behavior of the pulsations becomes more
complex as the laser is operated further above threshold, and
both the individual pulses and the average intensity are
examined in the vicinity of the Lamb dip. Although the
solutions were obtained by using parameter values appropri-
ate to xenon lasers, the model itself is general enough to be
applicable to many other laser types. The implications of
the model for the frequency characteristics of the pulsations
are reported in Ref. 21.
2. THEORY
The starting point for this study is the same set of Maxwell-
Schr6dinger equations that was the basis for our recent
study of ring lasers.5 The density-matrix equations of this
set are
a+ v a Pab(V, (a, z  t) =( jWa + Y)Pab(V Wa, z, t)
- 8 E(z, t)[paa(v, wa, z, t) - Pbb(V, W z, t)], (1)h
+ v Paa(VL, Wa Z t) = Xa(V, wa, Z, t) - YaPaa(V, C, Z, t)
+ E(z, t)Pba(V, Wa z, t) + c.c.]
- Pa(V, V)Paa(V, Wca z, t)dv'
+ J ra(v, v')Paa(tv', a z, t)dv',
+ a Pbb(V, Wa z t)
X b(, a, z, t) - YbPbb(V, Cal z, t) + YabPaa( V Wal z t)
- E(z, t)Pba(U, Wat z, t) + c.c.1
- rb(V, V)pbb( V Coal z, t)dv'
+ ,(l, V')pbb(V', Wa, z, t)dv',
Pba(VI oa, z' t) = Pab*(V, Wa Z t),
level a having velocity v will be bumped by means of colli-
sions into a velocity range between v' and v' + dv'.
To the density-matrix equations for the atomic or molecu-
lar populations and polarizations must be added an equation
for the electric field. The wave equation for the electric
field of a linearly polarized wave in a laser medium can be
written as
a
2 E(z, t) - E(z, t) - 2E(z, t) 02 P(z, t)
d 2 ".J at alel t2 a t2
(5)
The permeability yl and permittivity el should be under-
stood to include all the magnetic and dielectric properties of
the laser medium except for the polarization P, which is due
to the lasing atoms or molecules. The polarization driving
this equation can be related back to the off-diagonal density-
matrix elements by
P(z, t) = IoE Pab(V, cal z, t)dvdCoWa + c.c. (6)
Equations (1)-(6) are a complete set from which the time
and space dependences of the electric field and of the atomic
or molecular parameters can be determined, subject to the
boundary conditions at the resonator mirrors.
The solutions of Eqs. (1)-(6) that are of interest here are
those that correspond to standing-wave lasers. If the losses
in a standing-wave laser can be considered to be uniformly
distributed, they may be absorbed into the conductivity
term. The rapid time variations in Eqs. (1)-(6) can then be
factored out by means of the substitutions
E(z, t) = 1/2 sin(kz)E'(t)exp(-iwt) + c.c.,(2)
Pab(V, coal z, t) = P(v, coa, z t)exp(-icot)/2A.
(7)
(8)
Thus co would be the actual frequency of the electromagnetic
wave if E' were independent of time t, and the sin(kz) spatial
dependence means that the laser is assumed to operate in a
single longitudinal mode. With the rotating-wave approxi-
mation these substitutions reduce Eqs. (1)-(4) to the new set
+ v a ) P'(v, .a z t) = i(w- Wa)P'(V Wal z, t)
- YP'(v, was z, t)- h sin(kz)E'(t)
X [Paa(V, -a, z, t) -Pbb(V, W" Z t)], (9)
(3)
(4)
where the subscripts a and b denote the upper and lower
laser levels, respectively, Ya and Yb are the total decay rates
for these levels, Yab is the rate of direct decays from level a to
level b, y is the decay rate for the off-diagonal elements, Xa
and Xb are the pumping rates, Wa is the center frequency of
the laser transition for members of an atomic or molecular
class a, Au is the dipole moment for the laser transition, and
the notation c.c. means the complex conjugate of the preced-
ing terms. The integrals in Eqs. (2) and (3) represent spec-
tral cross relaxation, and in a xenon laser this cross relax-
ation results from velocity-changing collisions. Thus the
function Fa(v', v)dv' indicates the rate at which atoms in
a + a Paa(V, Wa z t) = Xa(V, a, z, t) - aPaa(V, Wa z t)
+ h sin(kz) [E'(t)P* (v, wa, z, t)4h
- E'* (t)P'(v, wa, z, t)]
- Oa(V',V)Paa(V, Wa, z, t)dv'
+ ra(V, V')paa(t c al z, t)dv',
(10)
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t) = Xb(v, Wa, Z, t) - YbPbb(V, Wa, Z t)
+ YabPaa(V, Wa Z t)
- i sin(kz) [E1(t)P*(vwa, z, t)
- EI* (t)P(v, ca z, t)]
- J rb(V', V)pbb(V, (0a, Z, t)dv'
. . . % X :0 ' I 
+ J'rb(, V')pbb(V', Coal Z, t)dv'.
(11)
The same substitutions reduce Eqs. (5) and (6) to the new
field equation
sin(kz) i dE'(t) + i 2 E'(t) + ( 2 2 ) ]s n~k[i ~ i ~ i w d t 2 l2 / E t ]
= !L- 2 E1
2-- JJ P'(v, Wax z, t)dVd Was (12')
where the field and polarization amplitudes are assumed to
vary slowly enough in time that their higher derivatives can
be neglected.
It is convenient to introduce the new frequency parameter
Q = k(,41E1)-112 so that Eq. (12) can be written as
FdE'(t) ir w02 - 2 V
sin(kz) [i dt + 2a E'(t) + 2n E'(t)
- J P'(v, w a, z, t)dvd wa. (13)
It is clear from the form of Eq. (13) that Q can be interpreted
as the nondispersed cavity frequency, i.e., the steady-state
lasing frequency if the dispersion or real part of P' were
equal to zero. Because the assumed lasing frequency is
also close to the nondispersed frequency Q, the term (w2 -
Q2)/2 can be approximated by c - Q. Because the lasing
frequency is also close to the transition frequency, the 
multiplying the polarization integral can be replaced by wo, a
characteristic line center frequency of the transition. Mul-
tiplying Eq. (13) by sin(kz) and integrating over the length
L of the cavity now yields
dE(t) =_ a E'(t) + i(w - )E'(t)
dt 2e
+ i J | f sin(kz)P'(v, co,, z, t)dzdvdwa. (14)
Equations (9)-(11) and (14) are a set of first-order differ-
ential equations governing the laser behavior. These equa-
tions are complicated by the fact that the electric field E'(t)
and the polarization P'(v, a, z, t) are complex quantities.
For computational purposes we find it helpful to express
these quantities in terms of their real and imaginary parts
according to
P'(v, ca Z t) = Pr(V, ca Z t) + iPi(v, c Z t)
and
E'(t) = Er(t) + iEi(t).
With these substitutions the governing equations reduce to
the real set
t+ v ) P '(V, .' Z t)
(a vt
( at az ,, P ( ,W ~ zt= -(W - Wa)Pi(' va, Z t)- YPr(V, ca Z t)+ -2 sin(kz)Ej(t)D(v, wa, z, t),h (15)= ( - Wa)Pr(V ca Z t)
- YPi(V, Wa Z t)
-$2 sin(kz)Er(t)D(v, wa, z, t),
h
(16)
a = %'Y + ' 1ab + %Y+V) D(v, Wa,z, t) -
- _WZDvzt)( a t az a( ,  b v,  2 v v a , 1
Ya + Yab - Yb M(v, Wa Z t) + sin(kz) [Er(t)Pi(U, a Z t)-Ei(t)Pr(v, was Z 2 h t P ( , W ~ z ) - E ~ ) r V  , t j
-2 | Fa(v, v)[M(v, ca z, t) + D(V, wa, z, t)]dv' + 2 J ra(V, v')[M(v', Wa, Z, t) + D(v', coa z, t)]dv'
+ 2 J rb(v, )[M(V, a z, t)Z - D(v, ca z, t)dv' - -| J rb(V, v')[M(v', 1a, z, t) - D(v', ca, z, t)]dv'
(dt +v v) , M( a Z. t) = Xa(V, CWa, z, t) + Xb(V, Wa z t) Ya Yab Yb D( - - b M t(at az /2 2
- |~- J a(v', V)[M(v, wa, Z, t) + D(v, Wa, Z, t)]dv' + 2 J ra(V, v')[M(v', Wa Z, t) + D(V', al z, t)]dv'
| rJ,(v, )[M(V, Wal Z t) - D(v, wa, z, t)]dv' + 2 J rb(v v')[M(v', Wax z, t) - D(v', ca, z, t)]dv',
(17)
(18)
(d v dz) Pbb(V, CDa Z.Gaia\z
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dE,(t) E(t) - (c - )E(t)
dt 2t (o, )it
- E1L JJJ sin(kz)Pi(v, wa, z, t)dzdvdwa,
(19)
+ L | sin(kz)P,(v, coal Z, t)dzdvdwa,
(20)
where we have introduced the population difference D(v, coa,
Z, t) = Paa(V, C., Z, t) - Pbb(V, Wa, Z, t), the population sum
M(v, Wa, Z, t) = Paa(v, Wa, Z, t) + Pbb(V, Wa, Z, t), and the cavity
lifetime t, = el/U. Also, the length integration extends only
over the amplifier length 1. We note that for a single-mode
laser in which the amplifier is long compared with the wave-
length, the position of the amplifier within the resonator is
unimportant.
Next, it is necessary to make some assumptions about the
form of the spectral cross-relaxation kernels. For simplicity
and consistency with our ring-laser studies, it is considered
that the cross-relaxation integrals apply to strong collisions
in which the final velocities are distributed randomly across
the Doppler profile. Thus the kernels can be written as
rP(v, v') = _a exp(-v 2 /u2 ), (21)
rb(v, V') = rb exp(-v2 /u2 ), (22)
where, for example, ra is the total rate at which atoms in
level a undergo strong velocity-changing collisions and u is
the most probable speed of the atoms. With these substitu-
tions, Eqs. (17) and (18) for the population difference and
sum become
+ v D(v, (at z, t) = Xa(v, Wa, Z t)(at az/
Xb(V, t) Ya' + ab + yb' D(v, wa, z, t)
Ya + TYab -fb M(v, Ya Zb t)
+ sk [Er(t)Pi(v, way z, t) - Ei(t)Pr(U, Was z, t)]h
+ 1/2 exp(-V2 /U2 ) [M(v', Wa, Z t)
+ D, wa, z, t)]dv' - r 1 2 exp(-v2 /u2)
X [M(v', (ga z, t) - D(v', a, z, t)]dv', (23)
+ v ) M(v, .aw Z, t) = Xa(V, ca, Z t)
a Tab -b D( z t)
+ Xb(V, W"~ z, t) 2 Dvca )
Ya - Tab + yb M(v, Wa, Z t)
2
+ _;_exp(-v 2 / 2 I[M(v', coa, z, t) + D(v', wa z, t)]dv'
2WUr1/2 j- 
+ ur 1 /2 exp(-v 2 /u 2 ) [M(v', woa, z, t) - D(v', Wa z, t)]dv',
(24)
where the modified decay rates are defined by TYa' = TYa + r,
and Yb' = Yb + rb. Equations (15), (16), (19), (20), (23), and
(24) are a complete set governing the time- and space-depen-
dejt field, polarization,"'and populations. ,) For numerical
reasons, however, it proves helpful to introduce certain addi-
tional transformations.
One particular difficulty with the model described above
is that it includes partial derivatives with respect to both the
space and time variables. To proceed with the solution we
could consider mathematically breaking up the length of the
laser into many small but finite length segments and writing
distinct equations for the polarization and population vari-
ables in each segment. Because of the high spatial frequen-
cy of the fields in most lasers, however, it is far more efficient
to decompose the polarization and the population into a
series of spatial harmonics of the electric field. Thus we
introduce the expansions
Pr(V, coa, Z, t) = s Pr,2j+i(V, (ga t)exp[(2j + 1)ikz],
Pi(v, fa, Z, t) = > Pi,2j+(v, Wa, t)exp[(2j + 1)ikz],
j=_O
D(v, Wa Z. t) = > D2j(v, Wa, t)exp[(2j)ikz],
M(v, Wa, Z, t) = E M21(v, cva, t)exp[(2j)ikz],
(25)
(26)
(27)
(28)
where only odd harmonics of the polarizations and even
harmonics of the populations are included. It is clear physi-
cally that the polarizations must be spatially in phase with
the field, i.e., odd, and the populations must be spatially out
of phase, i.e., even, provided that the pump rates are also
spatially even. In this analysis we make the usual assump-
tion that the pump rates are spatially uniform, and thus no
additional harmonics are required. The left-hand sides of
Eqs. (25)-(28) must be real. This imposes additional con-
straints on the expansion coefficients, and these constraints
can be written as
Prj(V, Wa t) = Pr,.j*(v, Wa, t), (29)
Pij(v, cfa, t) = Pi,1j*(v, Wa t), (30)
Lee W. Casperson
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Dj(v, Wa, t) = Dj*(V, Wa t), (31)
M(V, W, t) = Mj*(v, Wa t). (32)
When Eqs. (25)-(32) are substituted into Eqs. (15), (16),
(19), (20), (23), and (24), we obtain the new set
aPr,2j+1(V1 Coa, t)=
dt = -(W, - Wa)Pi,2j+1(V, Wa t)
- [(2j + 1)ikv + y]Pr, 2 j+i( v, Wa t)
2h (t)[D2 j(v, 'a t) - D2j+ 2(VI ,w t)]a
(33)
aPi,2j+1(V1 Waw t)= '-a)p2j+1(v) t
at (i,-W)rJiLW~t
-[(2j + 1)ikv + y]Pi,2j+,(v, c, t)
* 2
+ -2 E(t) [D2j(VI °al 0)- D2j+2(VI a, t)],
(34)
aD2 (V, Wa) [X a(v (a t) - Xb(V, Wa t)]6jo - [(2j)ikv + hl]D2 j(v, wax t) - h2 M 2j (V, Wa, t)at
- [E,(t)Pj, 2j_(v, wa, t) - Ei(t)Pr,2ji(v, wa t)] - [Er(t)Pi,2j+(v, wa, t) - Ei(t)Pr,2j+1(V1  a, t)]
+ a 1/2 exp(-v2/U2) | [M2j(v', t) + D2j(v', Wa, t)]dv'- b exp(-v2 /u2 ) | [M2j(v', wCa, t) - D2 (v', Wa t)]dv', (35)
,t = [Xa(V, Wa t) + Xb(v, Wa, t) jo - [(2j)ikv + h3]M2j(V, Wa t) - h4D2j(v, Wa t)
out the -1 and +1 spatial harmonics of the polarizations,
since the higher-order components average to zero over long
distances. The advantage of this expanded form of the laser
equations is that the z derivatives and integrations have all
been eliminated. Equations (33)-(38) are the basis for all of
our standing-wave laser calculations.
3. NORMALIZED EQUATIONS
It is helpful to rewrite the laser equations in a normalized
form. A particularly convenient normalization can be ob-
tained from the steady-state version of these equations.
The steady-state forms of Eqs. (33)-(38) are
o = -(c - Wa)Pj2j+i( v, "'a) - [(2j + )ikv + -y]Pr2j+i(v, a)
2hEi[D2j(v, Wa) - D2j+2(V, Wa)]I (43)
0 = ( - ca)P2j+i(V, "'a) - [(2j + 1)ikv + y]Pi2j+1(v, Wa)
+ i 2 Er[D2j(v, a) - D2 j+2 (V, Wa)], (44)
+ 1/2 exp(-v 2 /u 2) | [M2j(v', oa t) + D2j(v', as t)]dv'
dE(t) E(t) - Q)Ei(t)
dt 2t,
__1 j 2i .dvdwa,EjL 1 J 21
(37)
d~it) 2it) + (W-Q)Er(t)
dt -- 2t,
W01f P"_I(v ,, t) Pr~l(v, WJal t)vd,
+ L Jo J_ 2i dud Wa,
(38)
where the decay rates have been replaced by the new param-
eters
h = (Y' + Yab + 7b)/2,
h2 = (a' + 'Yab - Yb)/2,
h (a' = Yab Yb')/2,
h4 = (a - Yab - Y)/2.
(39)
+ b/ exp(-v2 /u2) | [M2j(v', as t) - D2j(v', Wal t)]dv', (36)2u~r 1 /2 -
o = [Xa(V, "a) - Xb(V, Wa)]06j - [(2j)ikv + hl]D2j(v, a)
- h2M2j(v, Wa) - I {[EPi2j-(v, wa)
- iP,2j-i(vU, a)] -[ErPi, 2 j+i(v, "'a) - EiP, 2j+i(V, (a)]}
+ 1/ exp(-v 2 /u2 ) [M2j(v', wj) + D2,(v', a)]dV',2u-zr"J
-- 1/2 exp(-v2 /u2 ) [M2j(v', wa) - D2 (v', Wa)]dv',
(45)
O = [a(V, Wa) + Xb(v, Wa)]bjo - [(2j)ikv + h3]M2j(v, a)
-h 4 D 2 j(V, Wa)
+ r" exp(-v 2/u2 ) | [M2j(v', Wa) + D2,(v', wa)]dv'2uir~' 
(40) + b 2/U2)
(41) + ur1/ [A'21(v' wa) - D21 (v,']", (46)
(42)
Also, the z integrations in the field equations have selected
Er wol ( 0 = - _ - (W - )Ei + lL IJ Piji(v, ca)dvdWa (47)2t, E1L 0Y
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O = - + ( - Q)E - T | Prli(v, wa)dvdwa, (48)
2t, re 1L J -'
where Eqs. (29) and (30) were used in reducing the polariza-
tion terms in the field equations.
Equations (43) and (44) can be written more compactly in
the form
Pi,2j+1 (V, Wa) XjPr,2j+l(V, "a)
2h(- - wa) [D2j(v, Wa) - D2 +2 (V, Wa)],
(49)
Pr,2j+l(V, °a) XjPi,2j +l (V, Wa)
jiU2 Er
i-42 _, [D2j(v, wa) - D2 +2 (V, W,)],2h~co - c'a
(50)
where xj is the dimensionless parameter
Xb,j (V, "a) = tLb (a)6jO + 2| [M2j(v', Wa) - D2j(v', coa)]dv'
2_ .
exp(-v 2/u2 ) 
Ur 1I2
(56)
where the Gaussian velocity distribution in the pump func-
tions has been factored out according to
Xa (v, °a) = La(W)exp(-v2/u2)/ufrl/2,
Xb(V, °a) = Lb(coa)exp(_V2/U2)/uir1/2 .
(57)
(58)
With this notation, Eqs. (54) and (46) simplify to
0 = X.,1J(V, °a) - Xbj(V, Ca)
- [(2j)ikv + hl]D2j(v, "'a) - h2M2j(v, coa)
A 2(Er 2 + E,2) Xj_j )-D
+ h2W- W") 1 + X- Dj2V o jV o)
x = (2j + )ikv + 
co @- o (51)
Equations (49) and (50) may now be combined to obtain the
polarization components
i* 2
2h(- ca)(1 + x 2) (ErXj - Ei)
X [D2j(v, 'a) - D2 +2 (V, "'a)], (52)
Pjl(VI "'a) i=2 (Ex ,Pr,2j+1's °a) = 2h(w - Wa)(1 + x 2) (-Eix- Er)
X [D2j(v, a) - D2j+2(V "'a)] (53)
When Eqs. (52) and (53) are substituted into Eq. (45) we
obtain
0 = [a(V, Wa) - Xb(V, Wa)]jO - [(2j)ikv + hl]D2j(v, "a)
/L (E 2 + E; )
- h2M2j(v, "'a) + 4 2(w "a
{+ Xj: 2 [D2 j_2(v, a) - D2 j(v, Wa)]
1 +
+ w D-2 j(v ) - [M12(v', "a) + D2)(]' (a)]dV
exp(-v 2 /U2 ) |
2uir 1 /2 J((- [M2 j(viY,co,) - D2j(v', wa)]dv'. (54)
For compactness, it is helpful to define the new pump rates
)a,j'(V, °'a) = {La(Wa) 0 + 2 J [M2j(v', "'a) + D2,(v, w'a)]dv'}
exp(-v 2/U 2 )
x 12 (55)
+ 1 2 [D2j(v a) - D2j+2(V, "'a)])I1+ J (59)
0 =Xa,j'(V, °a) + Xbj'(V, Wa) - [(2j)ikv + h3]M2j(v, a)
- h4D2 j(v, Wa). (60)
Equation (60) may be solved for M 2j(v, Wa), and the result
is
=Xaj,'(V, "'a) + XbJ'(V, "a) - h4D 2j(v, "a)
M 2 j(V, "'a) (2j)ikv + h 3 (61)
When Eq. (61) is substituted into Eq. (59), we obtain the
expression
D2j(v, 'a) = 1[(2j)ikv + h3 - h2 ]Xaj'(v, "da)
-[(2j)ikv + h3 + h2]Xbj'(v, Wa)}
+ [(2j)ikv + h1] [(2j)ikv + h3] - h2h4I 4h2( 2 °a)]
[(2j)ikv + h3](Er2 + Ei 2)
[(2j)ikv + h1][(2j)ikv + h3 ] - h2 h 4
x Xj_ 2 [D2j. 2(v, Wa) - D2j(v, 'a)]
+ [D21(v, Wa) -D 2j+2(v, Wa)]}' (62)
Except for the cross-relaxation terms that are implicit in
the primed pump rates, the preceding equations can be used
to develop a continued fraction expression for the popula-
tion difference. However, for the purpose of obtaining an
effective normalization, it is necessary to consider only the
equation for the j = 0 harmonic of the population difference.
The fundamental spatial component of Eq. (62) is
Pi,2j+1(V "'a) =
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Do(v, (9a) = (h 3 - h2 aO'(V, Wa) - (h3 + h2)Xb,O'(V, Wa)
hjh 3 - h2h4
+ [ 2 1 h3 (Er2 + E12)
L4h2 (W W oa) J hjh 3 - h2 h4
X { x [D 2 (V Coa) - Do(v, a)]
XO Dov ,)-DV Wl. (63)
+ x02 [D0(v, Wa)-D2(v, a .
When the definition of the x parameters, as given in Eq. (51),
is used, the coefficients of Do in Eq. (63) can be grouped
together to yield
+ 2 h3(Er2 + Ei2) [ 1 - ikv/y
4h2 (hlh 3 - h2 h4 )y (C - a) 2/'y2 + (1 - ikv lY)2
+
1 + ikv/-y Do(, Ti)
(W - Wa,) 2 /'y 2 + (1 + ik V/Y)2J D(v W)
Thus, with this normalization of the field amplitudes, the
fundamental harmonic of the population difference seems
(at least superficially) to be saturated by twice the normal-
ized intensity I = A2 = Ar 2 + Ai2. The factor of 2 can be
associated with the existence of right- and left-traveling-
wave components, and in the absence of spectral cross relax-
ation and direct interlevel decay this field normalization
reduces to the one that we used previously.22 23
It is now possible to write the dynamic equations of the
laser in terms of the normalized field amplitudes that have
been defined in Eqs. (65) and (66). It is also helpful to
introduce normalizations of the other parameters that will
permit the most compact expression of the laser equations.
In this way we are led to the new normalizations for the
polarization, population, and pump variables:
Pij(V, U) = eLh ( 2 Y'YaYb ) Pi,(V, ca),
(68)
(U tcuwOlA ('Ya' "ab + 'Yb) 1 /2
Prj(VI U) ELh 278'a yb' Prj(V, Co),
(h3 - h2 )XaO'(V, d)- (h3 + h2)XbO'(v, Wa)
hjh 3 - h2 h4
+ 2 h3(Er2 + Ei2)
4h2 (hlh3 - h 2 h 4 )Y
x 1- ikv/,y D (v )
L- W(-)2 /'Y2 + (1 - ikV/_y)2 - X a
+ 1 + ikv/y D 2 (V, oa) (64)(W - W) 2 /y 2 + ( + ik V/Y) 2 a
The form of Eq. (64) suggests introducing the normalized
field components
Ar A L (h1 h 3 1h2 h4 )y ]1/2 Er
= i [ ,,'a'b ] Er, (65)
A, 2h [(hlh3 -h2 h4 ) ] EF 'Ya' - Yab + Eb l652
= 8 L 2ya' i,' J Ei. (66)
For a laser with negligible Doppler broadening (kv << y), a
single atomic frequency class (a = o), and line-center tun-
ing ( = o), Eq. (64) would now reduce to
{1 + 2(Ar2 + A 2 ) D0 (v, wa)
(h3- h2)XaO'(V, ) - (h3 + h2)Xbo'(V, Wa)
hjh3 - h2 h4
+ (Ar2 + Ai 2 )[D- 2 (V, Wa) + D2 (V, Wa)]. (67)
(69)
D2j( V = f~tjAh D2j(V, Wa),
fUtwol4 2
V1Lh M 2 j(V, Wa),
a(, =EUtW011A2Xa(V, 0 = E1Lh Xa(v, Wa),
X\b(VU: EUtccWOljA2 X(VW
E1Lh
(70)
(71)
(72)
(73)
where we have introduced the new variables
v = kv
EU Y (74)
(75)U=a -_. I
,Y
and = (vh/Avd)(ln 2)1/2 is the natural damping ratio. It is
also helpful to introduce the normalized lasing frequency y
= ( - o)/y, the normalized cavity frequency yo = ( -
wo)y, the new decay rate 7y = 2 a"Yb'/('Ya - Yab + Yb), and
the decay parameter 6 = 2yt. With this notation Eqs. (33)-
(38) take on the relatively simple forms
OPr2j+i(V, U, ) = _,y[l + (2j + 1)iVjPr 2j+1(V U t)
at
+ (y - U)Pi,2j+1 (V, U, t)
+ iAi(t)[D2 j(V, U, t) - D2 j+2(V, U, t)]j,
(76)
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aPi,2j+(V, U, ) = _-y[1 + (2] + 1)iVIPi,2j +1(V, U, t)
at
- ( - U)Pr,2j+l(V, U, t)
- iAr(t)[D2j(V, U, t) - D2j+ 2(V, U, t)]},
(77)
(83)
(84)
Pi,2j+l( V t) = f Pi,2j+l (V v, utdU,
D2j(V, ) Dj(V, u, t)dU,
aD2j(V, U, t) = [Xa(V, U, t) - Xb(V, U, t)]6jo
- [h1 + (2j)i-yV]D2j(V, U, t) - h2M2j(V, U, t)
- iyjl[A(t)Pi, 2 j_(V, U, t) - Ai(t)P, 2 j.i(V, U, t)] - [A(t)Pi,2j+i(V, U, t) - Ai(t)Pr,2j+i(V, U, t)]}
+ 1/2 exp(-e V2) | [M2j(V', U, t) + D2,(V', U, t)]dV'- b exp(-E2 [M2j(V', U, t) - D2j(V', U, t)]dV', (78)
OM2,(V, U t)2V 
dtjVU = [Aa(V, U t + b(V, U t)]6jo -[h3 + (2j)iySV]M2j(V, U. t) -h4D2j(V, U t)
(79)
(85)
(86)
(87)
+ 1/2 exp(-E [M2j(V, U, t) + D2j(V', U, t)]dV' + 1/2 exp(-E | [M2j(V', U, t) - D,(V', U, t)]dV',
d7r t)= 1 2Atr ( -y)~t
dt 2t [A,(t) + (y- o)Ai(t)dt 2tL
- | PJJ (V, U, t)dVdU], (80)
dA(t) 2 Ai(t) - 6(y - o)Ar(t)
dt 2tLI
+ Prli(V, U, t)dVdU] (81)
Because the normalized atomic center frequency U can be
negative, the lower limit on the integration over U has been
extended to minus infinity.
Equations (76)-(81) allow for the possibility of a distribu-
tion of the natural transition center frequencies (U in the
normalized units). However, our initial interest is in the
pulsation data for monoisotopic xenon lasers. Consequent-
ly the polarization and population variables may be regard-
ed here as delta functions of U and can be replaced with the
new variables I
Pr,2j+l(V, t) = J Pr,2j+i(V, U, t)dU,
M, J(V, t) = M2j(V, U, t)dU,
Xa(V, t) = X Aa(V, U, t)dU,
Xb(V, t) = X b(V U, t)dU.
With these variable changes and with U set equal to zero,
Eqs. (76)-(81) reduce to
dPr, 2j+I1(V ) = _ -y[1 + (2] + 1)MVPr, 2j+1(V t)
+ YPi,2j+,(V, t)
+ iAi(t)[D2j(V, t) - D2j+2(V, t)]}, (88)
aPit2j+1(VI = _y{[ + (2j + 1)iVPi,2j + (V t)
- YPr,2j+l(V, t)
(82)
- iAr(t)[D2 j(V, t) - D2j+2(V, t)]J, (89)
aD(V, ) =[Xa(V, t) - Xb(V, t)]6 - [h, + (2j)iyV]D2j(V, t)
at
- h2M2j(V, t)
-yjyiflAr(t)Pi,2j_(V, t) - Ai(t)P,2 j.i(V, t)] - [A(t)Pi,2j+i(V, t) - Ai(t)P,2j+i(V, t)]}
+ r 2 t)]dV' Eb 2 V2)f
+ exp(-eV) | [M2j(V', t)+ D,(V', t)]dV - exp(-E _| [M2j(V', t) - D,1(V', t)]dV',
2w'1 2w'r 
a dt,(V, ) = [Xa(V, t) + 'Yb(V, t)16jo - [h3 + (2j)iyVIM2j(V, t) - h4D2j(V, t)
+ E/a exp(-e 2V2) b[M,(V', t) + D,1(V', t)]dV' + exp(-c2V2) | [M2j(V, t) - D,1(V', t)]dV',21/2 [MjW t ~(It]V +'2w 1
(90)
(91)
-
-
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dAr(t) 1 Ar(t) + 6(y - yo)A(t) - Pi 1 (V, t)dVl,dt 2t fTrO
(92)
dit)=~ ~t ~ ~
dt) 1 t [ - 6(- Yo)Ar(t) + | Prli(V, d -
(93)
This reduced form of the equations is the basis for the
numerical solutions described below.
4. INTENSITY SOLUTIONS
In the previous sections a theoretical model was developed
for interpreting and predicting the spontaneous pulsation
characteristics of practical standing-wave gas lasers. To
apply these results to any specific laser, it is necessary to
obtain values for the numerous parameters that appear in
the model. Our emphasis here is on the xenon gas laser
operating at 3.51-Mm wavelength, and an effort was made in
our previous ring-laser study to glean from the literature the
best values for all the parameters of this laser system. 5 We
list here the xenon parameters that were found previously.
These include the upper-state lifetime of approximately r
= 1/ya = 1200 nsec, the lower-state lifetime of approximate-
20
I0
20
1 0
I 
(1)
(hI
() 0. 5 .0 I . z 2..) 2
2 1
1.0 1. 5 2 . ( 2 _ I
lY Tb = 1/Yb = 35 nsec, and the interlevel decay rate 'Yab = Ya-
Under our operating conditions of approximately 5-mTorr
pressure, the phase decay rate is approximately y = 16.3 X
106 sec 1, and the spectral cross-relaxation rates are approxi-
mately ra = rb = 1 X 106 sec 1 . At our operating tempera-
ture the Doppler width is approximately Avd = 110 MHz,
and the natural damping ratio is approximately E 0.039.
The pump-rate ratio is approximately Xb/Xa = 12.2, and with
our cavity parameters the cavity lifetime is approximately tc
= 1.0 nsec. These are the only parameters needed to carry
out a wide range of calculations relating to spontaneous
pulsations in low-pressure xenon lasers.
The starting point for our numerical calculations is the
equation set of Eqs. (88)-(93). The procedures employed
here are similar to those used in our previous studies of
Lamb-equation instabilities.4 5 20 22- 26 In particular, the
time integrations were performed by using a modified sec-
ond-order Runge-Kutta method, and after each time step
the velocity integrals were recalculated by using Simpson's
rule. Other techniques were also introduced for relating the
pump rates to the threshold parameter r, for minimizing the
computer run time, etc. We intend to report more fully
elsewhere on the details of these techniques, the computer
requirements, and the various factors that affect the accura-
cy and relevance of the computed results.
I .)
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Fig. 1. Theoretical spontaneous pulsation intensity waveforms for a single-mode standing-wave xenon laser with line-center tuning and
threshold parameter values of (a) r = 2.0, (b) r = 1.8, (c) r = 1.6, (d) r = 1.4, (e) r = 1.2, and (f) r = 1.1. The amplitude, frequency, and waveform
complexity of the pulsations all tend to decrease with decreasing values of r.
.... 1 .. I .... I .... I ....
o.\~ I A-".. 
Lee W. Casperson
Vol. 5, No. 5/May 1988/J. Opt. Soc. Am. B 967
Fig. 2. Experimental time-domain plot of the output intensity
from a low-pressure xenon laser at a discharge current of 40 mA and
a time scale of 0.2 Asec/division.
The kinds of behavior that might be expected to be ob-
served in a low-pressure standing-wave laser can be best
illustrated by initially presenting a series of time-domain
intensity waveforms. Such a series is shown in Fig. 1 with
line-center tuning and decreasing values of the threshold
parameter r. In all the present studies the threshold param-
eter is defined as the ratio of the unsaturated line-center
gain to the gain value required to reach threshold for line-
center tuning. The plot of normalized intensity I versus
time that is shown in Fig. 1(a) corresponds to a threshold
parameter r = 2 and illustrates many of the possible com-
plexities of xenon-laser behavior. The laser is highly unsta-
ble, and the output appears as a semiperiodic train of alter-
nating simple and complicated pulsation bursts. The same
kind of pulsation behavior was also observed in numerical
solutions of the center-tuned ring lasers, and these results
may be compared with the ring-laser results in Refs. 5 and
24. Although the pulsation frequencies are about the. same
20
1 10_
0
0 0.5 1.0 1.5 2.0 2.;
20 . . . .
(b)
1 0
for the standing-wave and ring lasers at r = 2, the successive
pulsation bursts were nearly identical in the ring laser. In
other words, the standing-wave laser under these conditions
is exhibiting a type of chaotic behavior that would be ob-
served only at significantly higher threshold parameter val-
ues (r > 3) in an analogous ring laser. For the lower thresh-
old parameter value r = 1.8, the pulsations shown in Fig. 1 (b)
do not exhibit the clear alternation between the two types of
pulsation bursts that are observed further above threshold,
but the intensity is still much less regular than in the corre-
sponding ring laser. The pulsation bursts observed with the
smaller threshold parameter values of r = 1.6, 1.4, 1.2 are
also similar to their ring-laser counterparts, but the stand-
ing-wave laser results always show somewhat greater levels
of irregularity or chaos. Even with threshold parameter
values as low as r = 1.1 the standing-wave laser is producing
discernible pulsation bursts as shown in Fig. 1(f), whereas
the corresponding ring laser is reduced to a simple alternat-
ing pulse output. In summary then, the center-tuned stand-
ing-wave laser produces pulsations of similar frequency to
the center-tuned ring laser, but the pulse complexity tends
to be of a slightly higher order in the standing-wave laser for
any given level of r.
It should be noted that the intensity normalization used
here is a little different from that used in our ring-laser
studies of Refs. 5 and 24. Here we use, as noted above, I =
Ar 2 + A, 2, whereas our ring-laser studies employed
I = (7a'~ -Yab +Yb) YaYb + 2)('Y" -'Y~b +(Ar 2 + A1 ).
('Ya' - Ycb + 'Yb)Ya'Yb
(94)
This previous normalization was chosen for more convenient
evaluation of spectral cross-relaxation effects, but we choose
here to abandon it. In a quantitative comparison of our
standing-wave and ring-laser results with spectral cross re-
laxation, the ring-laser intensities will thus appear exagger-
I .. I . . . I . . I I - I I 
(1 i. S I.o IH 1
I Ili I ... ... WS)
2 , ( ) .
0 0. I .0 I .5 2. ) 2. ) 11 1) II . ) Z 11 .
t (",:, ZsaRul) I (sr... ..lz-i,
Fig. 3. Theoretical spontaneous pulsation waveforms for a xenon laser with a threshold parameter of r = 1.8 and detunings of (a) Av = OAVh, (b)
AP = 2.5APh, (c) AP = 5Avh, and (d) Av = 7.5Avh. In contrast to the ring-laser results, the pulsation intensity and periodicity tend initially to in-
crease with detuning from line center.
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Fig. 4. Theoretical Lamb-dip curves of average intensity versus
frequency tuning for a spontaneously pulsing low-pressure xenon
laser. The frequency detuning is measured in units of the homoge-
neous line width APh.
L
Fig. 5. Experimental Lamb-dip power curve for a low-pressure
xenon laser with decreasing cavity length (increasing frequency)
and a discharge current of 18 mA (after Ref. 27).
ated by the factor given in Eq. (94), which, with the present
parameter values, evaluates to 2.13.
The slightly irregular pulsation bursts observed for inter-
mediate threshold parameters in Fig. 1 are also observed in
experiments. In Fig. 2 is a multitrace oscilloscope plot of
the output intensity from a low-pressure xenon laser. The
fuzziness of the trace is due to pulse-to-pulse amplitude
variations, as predicted by the theory. The increasing fuzzi-
ness to the right shows that the pulsation period is also not
quite constant.
The model that was developed here can also describe the
effects of cavity detuning on the pulsation characteristics.
A series of pulsation waveforms for various values of detun-
ing and a threshold parameter value of r = 1.8 is shown in
Fig. 3. The waveform in Fig. 3(c) corresponds approximate-
ly to the experimental conditions yielding the data in Fig. 2.
A notable feature of Fig. 3 is that detuning from the Lamb
dip at line center tends initially to cause an increase in
pulsation-burst periodicity and an increase in average inten-
sity. When we use this model it is straightforward to calcu-
late the average intensity as a function of detuning, and a
family of Lamb-dip intensity curves is given in Fig. 4. These
tuning curves are similar to experimental Lamb-dip data
obtained with xenon lasers except that gain and dispersion
focusing effects, neglected in the computations, are some-
times found to cause the Lamb-dip power curves to be asym-
metric, as shown in Fig. 5.27 A first-order correction for the
asymmetry can be introduced if one multiplies the comput-
ed Lamb-dip intensity curves by the square of the frequen-
cy-dependent normalized spot size27:
w*(x) = exp( ) {[1 + (2F(x)exp x2 )2]1/2
+ 2F(x)exP x 2 1/4 (
where F(x) has been called Dawson's integral,
F(x) = exp(-x 2 ) exp(t 2)dt,
X
(96)
and x = 2(v - vo)(ln 2)"/ 2/Avd is a normalized frequency.
With this resealing the Lamb-dip curves of Fig. 4 are replot-
ted in Fig. 6 and agree well with experimental data. It is
significant that the theoretical curves for typical experimen-
tal values of the threshold parameter suggest approximately a
10-20% intensity dip at line center, for this is the same as the
experimentally obtained Lamb-dip depth. Only a theoreti-
cal model that includes standing-wave fields and spectral
cross relaxation can provide a reasonable basis for interpret-
ing such experimental Lamb-dip data.
5. DISCUSSION
Within the past few years there has been much progress in
the understanding of the instability phenomena that some-
times affect laser oscillators. In spite of that progress, how-
o L
-2n
-10 0 10 20
Fig. 6. Theoretical Lamb-dip power curves from Fig. 4 after multi-
plication by the square of the gain and dispersion focusing correc-
tion given in Eq. (95).
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ever, there still remain some significant gaps in the under-
standing of laser instabilities. One such gap concerns a
fundamental assumption that is often made in the develop-
ment of theoretical instability models. It is usually as-
sumed, for mathematical simplicity, that the electromagnet-
ic fields in the laser are unidirectional traveling waves. On
the other hand, most lasers in which instabilities have been
observed are better regarded as standing-wave systems, and
many of their oscillation characteristics cannot be even qual-
itatively reproduced by traveling-wave models. The pur-
pose of this study has been to develop a standing-wave mod-
el that takes account of the most fundamental physical prop-
erties of typical gas-laser systems.
The laser analysis presented here parallels in philosophy
our earlier studies of instabilities in ring lasers. Thus it is
basically a semiclassical model that includes realistic spon-
taneous decay and collisional relaxation processes with nu-
merical values appropriate to low-pressure xenon lasers. A
particularly significant feature of the model is its ability to
yield accurate predictions of the Lamb dip. The implica-
tions of the model for the frequency characteristics of the
pulsations are reported in another paper in this issue of the
journal.2 '
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